We present the results of a lattice study of light-cone distribution amplitudes (DAs) of the nucleon and negative parity nucleon resonances using two flavors of dynamical (clover) fermions on lattices of different volumes and pion masses down to mπ 150 MeV. We find that the three valence quarks in the proton share their momentum in the proportion 37% : 31% : 31%, where the larger fraction corresponds to the u-quark that carries proton helicity, and determine the value of the wave function at the origin in position space, which turns out to be small compared to the existing estimates based on QCD sum rules. Higher-order moments are constrained by our data and are all compatible with zero within our uncertainties. We also calculate the normalization constants of the higher-twist DAs that are related to the distribution of quark angular momentum. Furthermore, we use the variational method and customized parity projection operators to study the states with negative parity. In this way we are able to separate the contributions of the two lowest states that, as we argue, possibly correspond to N * (1535) and a mixture of N * (1650) and the pion-nucleon continuum, respectively. It turns out that the state that we identify with N * (1535) has a very different DA as compared to both the second observed negative parity state and the nucleon, which may explain the difference in the decay patterns of N * (1535) and N * (1650) observed in experiment.
I. INTRODUCTION
Understanding nucleon structure in terms of quarks and gluons is an important goal of Quantum Chromodynamics (QCD). The full nucleon wave function is very complicated and remains elusive but substantial progress was made for observables which require only specific limited nonperturbative input. In particular, hard exclusive reactions involving large momentum transfer from the initial to the final state baryon are dominated by the overlap of the light-cone wave functions at small transverse separations [1] [2] [3] that are usually referred to as light-cone distribution amplitudes (DAs).
The DAs are fundamental nonperturbative functions that are complementary to conventional parton distributions, but are much less well-known because their relation to experimental observables is less direct as compared to quark parton densities and on a more subtle theoretical footing. They are scale-dependent and for very large scales approach simple asymptotic expressions called asymptotic DAs [1, 3] that are widely believed, however, to provide one with a rather poor approximation for the momentum transfers accessible in modern experiments.
The theoretical description of DAs is based on the relation of their moments, i.e., integrals with powers of the momentum fractions, to matrix elements of local operators. Such matrix elements can be estimated using nonperturbative techniques, at least in principle, and the DAs reconstructed as an expansion in a suitable basis of polynomials in the momentum fractions. Historically, the first and the second moments of the nucleon DA have first been estimated using QCD * Electronic address: rainer.schiel@ur.de sum rules [4] [5] [6] [7] and the results indicated a very large deviation from the asymptotic expressions. They were used extensively for model building of the DAs [4] [5] [6] [7] [8] and allowed one to get a reasonable description of the experimental data on nucleon electromagnetic form factors and several other reactions within a purely perturbative framework, see, e.g., the review [3] .
Despite a certain phenomenological success, this approach has remained controversial for many years. First, the QCD sum rules used to calculate the moments have been criticized as unreliable, see, e.g., [9] . Second, it is commonly accepted nowadays that perturbative contributions to hard exclusive reactions at accessible energy scales must be complemented by the so-called soft or end-point corrections that correspond to a different (Feynman) mechanism to transfer the large momentum to a loosely bound system. Estimates of the soft contributions using QCD sum rules, e.g., [10] , quark models [11] and, more recently, light-cone sum rules [12] [13] [14] favor nucleon DAs that deviate from the asymptotic expressions only mildly.
With the advent of lattice QCD it has become possible to calculate moments of the DAs starting from first principles [15] , however, this task appears to be technically complicated so that detailed calculations are just beginning. The first quantitative results of lattice calculations of the moments of nucleon DAs have been obtained by the QCDSF collaboration [16, 17] using two flavors of dynamical (clover) fermions. The same group also made an exploratory study of the DAs of nucleon resonances with negative parity [18] .
In this work we extend the analysis in [16] [17] [18] by making use of a much larger set of lattices with different volumes, lattice spacings and pion masses down to m π 150 MeV, and making various refinements in the procedure how the required matrix elements are extracted from lattice data. Our data allow one to perform, for the first time, a reliable chiral and infinite volume extrapolation of the results to the physical limit, and also a continuum extrapolation (to a lesser extent).
Our main results can be summarized as follows:
• We have calculated the nucleon coupling f N that corresponds to the probability amplitude to find the three valence quarks at one space point, f N = 2.84(1)(33) 10
Here and below all numbers refer to the scale µ 2 = 4 GeV 2 , the first error is statistical, including the chiral extrapolation, and the second is due to the continuum extrapolation. This number appears to be ∼ 30% smaller than the existing estimates, which further decreases the perturbative contribution to nucleon form factors.
• We have also calculated the nucleon couplings λ 1 and λ 2 that are related to the normalization of the P -wave three-quark wave functions that involve orbital angular momentum 
• We have determined the momentum fractions carried by the three valence quarks in the proton x 1 = 0.372(7) , x 2 = 0.314(3) , x 3 = 0.314(7) ,
where the first number corresponds to the u-quark that carries the proton helicity and the other two to the u, d quarks with helicities opposite to one another that are sometimes thought of as coupled in a scalar "diquark". The approximate equality x 2 x 3 was not expected and can be viewed as being consistent with the "diquark" picture.
• We use the variational method and customized parity projection operators to study the states with negative parity. In this way we are able to separate the contributions of the two lowest states that, as we argue, possibly correspond to N * (1535) and a mixture of N * (1650) with the pion-nucleon continuum, respectively. It turns out that the state that we identify with N * (1535) has a qualitatively different DA compared to both the second observed negative parity state and the nucleon: It has a very small value at the origin and is almost antisymmetric with respect to the interchange of the quarks in the scalar "diquark". This result is important for the forthcoming studies of the electroproduction of nucleon resonances at large momentum transfers at the 12 GeV upgrade of the Jefferson Lab accelerator facility [19] and may explain the difference in the decay patterns of N * (1535) and N * (1650) observed in experiment.
The presentation is organized as follows. Section II is introductory. We explain the relation between DAs and lightcone wave functions and introduce the required definitions and notations. The necessary steps to compute moments of the DAs from lattice QCD are detailed in Section III. The numerical analysis of our lattice data and their extrapolation to the physical point is presented in Section IV. The final results are collected in Section V, while Section VI is reserved for the summary and conclusions. The paper also contains several Appendices with a discussion of more technical issues.
II. NUCLEON WAVE FUNCTIONS AND DISTRIBUTION AMPLITUDES
The quantum-mechanical picture of a nucleon as a superposition of states with different numbers of partons is formulated in the infinite momentum frame or using light-cone quantization. Although a priori there is no reason to expect that nucleon wave function components with, say, 100 partons (quarks and gluons) are suppressed as compared to those with only the three valence quarks, the phenomenological success of naive quark models suggests that only the first few Fock components are relevant. At least in hard exclusive reactions which involve a large momentum transfer to the nucleon, the dominance of valence states is widely expected and can be proven within QCD perturbation theory [1, 3] .
The most general parametrization of the three-quark sector involves six scalar light-cone wave functions [20, 21] which correspond to different possibilities to couple the quark helicities and the total orbital angular momentum to produce the helicity-1/2 nucleon state:
In particular, zero angular momentum is allowed, L = 0, if the quark helicities λ i sum up to 1/2. The corresponding contribution can be written as [1, 3, 20] :
Here Ψ N (x i , k i ) is the light-cone wave function that depends on the momentum fractions x i and the transverse momenta k i of the quarks. The integration measure is defined by
In hard processes the contribution of Ψ N (x i , k i ) is dominant whereas the other existing three-quark wave functions give rise to a power-suppressed correction, i.e., a correction of higher twist. The light-front description of a nucleon is very attractive for model building, but faces conceptual difficulties that do not allow the calculation of light-cone wave functions from first principles, at least at present. In particular there are subtle issues related to renormalization and gauge dependence. An alternative approach describes nucleon structure in terms of distribution amplitudes corresponding to matrix elements of nonlocal gauge-invariant light-ray operators. The classification of DAs is based on twist rather than the number of constituents as for the Fock state wave functions. For example the leading-twist-three nucleon (proton) DA ϕ N (x i ) is defined by the matrix element [22] 
where q ↑(↓) = (1/2)(1 ± γ 5 )q are quark fields of given helicity, p µ is the proton momentum, p 2 = m 2 N , u N (p) the usual Dirac spinor in relativistic normalization, n µ an auxiliary light-like vector n 2 = 0 and C is the charge-conjugation matrix. The relativistic normalization is tacitly assumed also for the state vector, |N (p) . The Wilson lines that ensure gauge invariance are inserted between the quarks; they are not shown for brevity. The normalization constant f N is defined in such a way that
In principle, only the complete set of nucleon DAs carries the full information on the nucleon structure, in the same manner as the complete basis of light-cone wave functions. In practice, however, both expansions have to be truncated and the usefulness of a truncated version, taking into account either the first few Fock states or a few lowest twist contributions, may depend on the concrete physics application. Using the wave function in Eq. (4) to calculate the matrix element in Eq. (6) it is easy to show that the DA ϕ N (x i ) is related to the integral of the wave function Ψ N (x i , k i ) over transverse momenta, which corresponds to the limit of zero transverse separation between the quarks in position space [1] :
where we have now explicitly stated the dependence on the scale µ. Thus, the normalization constant f N can be interpreted as the nucleon wave function at the origin (in position space). As always in a field theory, extraction of the asymptotic behavior produces divergences that have to be regulated. As a result, the DAs become scheme-and scale-dependent. In the calculation of physical observables this dependence is cancelled by the corresponding dependence of the coefficient functions. The DA ϕ N (x i , µ) can be expanded in orthogonal polynomials P nk (x i ) defined as eigenfunctions of the corresponding one-loop evolution equation:
where
and
Here β 0 = 11 − 2 3 n f is the first coefficient of the QCD betafunction and γ nk are the respective anomalous dimensions.
The first few polynomials are
The corresponding anomalous dimensions are
The normalization condition (7) implies that ϕ N 00 = 1. In what follows we will refer to the coefficients ϕ N nk (µ 0 ) as shape parameters. For a given order of the polynomials n, the coefficients ϕ N nk , k = 0, 1, . . . , n are ordered according to increasing anomalous dimension, cf. Eq. (13) . They are related to the expansion coefficients used in Refs. [17, 18] 
The set of ϕ N nk together with the normalization constant f N (µ 0 ) at a certain reference scale µ 0 specifies the momentum fraction distribution of the valence quarks in the nucleon. They are nonperturbative parameters that can be related to matrix elements of local gauge-invariant three-quark operators (see below).
In the last twenty years evidence has mounted that the simple-minded picture of a proton with the three valence quarks in an S-wave is incomplete, so that for example the proton spin is definitely not constructed from the quark spins alone and also the electromagnetic Pauli form factor F 2 (Q 2 ) cannot be explained without quark orbital angular momentum contributions. The general classification of three-quark lightcone wave functions with nonvanishing angular momentum has been worked out in Refs. [20, 21] . As shown in Ref. [23] , the light-cone wave functions with L z = ±1 reduce, in the limit of small transverse separation, to the twist-four nucleon DAs introduced in Ref. [22] :
(x i ) are the so-called Wandzura-Wilczek contributions that can be expressed in terms of the leading-twist DA ϕ N (x i ) [24] :
The two new constants λ N 1 and λ N 2 are defined in such a way that the integrals of the "genuine" twist-4 DAs Φ 4 , Ψ 4 , Ξ 4 are normalized to unity, similar to Eq. (7). They have the same scale dependence to one-loop accuracy:
The nonlocal operators entering the definitions of nucleon DAs do not have a definite parity. Thus the same operators couple also to the negative parity spin-1/2 nucleon resonances N * (1535), N * (1650), etc. One can define the leading-twist DA of these resonances from
where, of course, p 2 = m 2 N * . The constant f N * has the physical meaning of the wave function of N * at the origin. The DA ϕ N * (x i ) is normalized to unity (7) and has the expansion (18) with the shape parameters ϕ 
(x i ) are given by the same expressions (16) in terms of the expansion of the leading-twist DA ϕ N * (x i ) as for the nucleon.
The asymptotic distribution amplitudes (at very large scales) for the nucleon and the resonances are the same:
For the sake of completeness we also give the definitions of the normalization constants in terms of matrix elements of local three-quark operators. For the nucleon
and similarly for N *
III. DISTRIBUTION AMPLITUDES AND LATTICE QCD
On the lattice one can calculate moments of the DAs, e.g.,
which are related to matrix elements of local three-quark operators with covariant derivatives, as explained below. The normalization is such that Φ 000 = 1. Starting from this Section spacetime is Euclidian and we use the Weyl representation for the γ-matrices; our conventions follow [17] .
A traditional classification of leading-twist three-quark operators (in continuum theory) corresponds to a vector, axial and tensor Lorentz structure of the u-quark pair:
where we tacitly assume taking the leading-twist part, i.e., symmetrization and subtraction of traces. The multi-index
and similarly form and n) denotes the Lorentz structure associated with the covariant derivatives D µ = ∂ µ − igA µ , whereas the indices l, m, n (without bars) stand for the total number of covariant derivatives acting on the first, second and third quark, respectively.
Matrix elements of these operators define a set of couplings
which can be viewed as moments of auxiliary nucleon DAs
. These DAs are often used in practical calculations. Identity of the two u-quarks implies the symmetry relations
In addition, the requirement that the nucleon has isospin 1/2 allows one to express all T -moments in terms of V − A:
The nucleon DA moments (23) are recovered as
Note that the operators defined in Eqs. (24) and (28) do not have definite isospin themselves. We define
which is an isospin-1/2 operator: It is annihilated by the isospin raising operator which is easy to verify using Fierz identities.
Knowing the matrix elements of F ρlmn τ is sufficient. With
one gets
The shape parameters of the nucleon DA (9) can be obtained from the set of moments φ lmn as follows:
Momentum conservation (x 1 + x 2 + x 3 = 1) implies the following constraints:
These relations can be used to rewrite (33) in equivalent alternative representations. This possibility should, however, be used with caution, as the momentum conservation (in this form) is a consequence of the Leibniz rule for derivatives that is only fulfilled to O(a) accuracy in lattice simulations, cf. Subsection IV E. For the next-to-leading twist DAs we only consider the operators without derivatives
which yield the next-to-leading twist normalization constants λ 1 and λ 2 defined in Eqs. (21) and (22).
A. Lattice operators
Discretization of space and time reduces the Lorentz symmetry of the continuum theory to the discrete hypercubic symmetry of a four-dimensional lattice. Thus, additional mixing between discretized versions of continuum operators becomes allowed, and this mixing has to be reduced as much as possible by choosing a suitable operator basis. To this end, the three-quark operators that appear in the calculation 
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of DAs have to be classified according to their transformation properties under the spinorial hypercubic group. The irreducibly transforming multiplets of three-quark operators have been found in Refs. [25, 26] and their structure is shown schematically in Table I . The left column contains the list of the five irreducible spinorial representations. Each entry in the table corresponds to a multiplet of baryon operators; e.g., B
7,i , B
9,i correspond to the three independent dodecuplets (i = 1, 2, . . . , 12) of three-quark operators without derivatives which transform according to the τ 12 1 representation. Explicit expressions for all operators with up to two derivatives are given in Refs. [25, 26] . We refer to them as KGS operators in what follows.
For example
where, e.g., u 3 stands for the third component of the u-quark bispinor (in the Weyl representation). The operators
9,i ) can be obtained from B
7,i by exchanging the spinor indices of quark one and two (one and three).
The KGS operators can be mapped to certain components of the three-quark operators in the V, A, T basis. In our example, B 
and similar representations can be worked out for all other cases.
The relations of this type reveal that the particular combinations of V, A, T operators that appear on the r.h.s. transform according to a particular irreducible representation of the spinorial hypercubic group (so that they are "good" lattice operators, in principle), but they do not have definite isospin yet. Isospin-1/2 operators can easily be constructed, however, from suitable combinations of the KGS operators belonging to the same representation, and they can be expressed in terms of the F operators defined in Eq. (29) . For the above example, e.g., taking the difference between the two given operators one obtains
Another suitable combination is [17] O 000
Both operators, O The lattice operators with one and two derivatives are constructed in a similar fashion. In the following, curly braces indicate symmetrization over indices, e.g.,
. We use in our calculations three operators with one derivative (l + m + n = 1) from the τ 
and the only existing isospin-1/2 operator with two derivatives (l + m + n = 2) from the τ 4 2 representation,
It turns out that the twist-four operators L and M which were defined in Eq. (35) are already good lattice operators and transform according to the τ 4 1 representation.
B. Correlation functions
On the lattice we measure correlation functions of these operators with a smeared nucleon source N τ , which will be discussed in detail in Subsection IV B.
For O 000 B,0 as an example, the contributions of the lowest positive and negative parity states to such a correlation function read
Here p = {p 1 , p 2 , p 3 } is the momentum and we use the shorthand notations f * = f N * , m * = m N * etc., for the quantities related to the negative parity state, N * . √ Z is a -usually momentum-dependent -factor that indicates the overlap of the smeared nucleon source with the "physical" nucleon on the lattice. We explain how to eliminate this unknown factor at the end of this Subsection.
In this work we are specifically interested in a clean separation of states with different parity. Note that the correlation function in (42) is a matrix with respect to the spinor indices τ and τ . For convenience we multiply this expression by γ 4 and try to find a parity projection operator in the form γ ± ≡ 1 2 (1 + k ± γ 4 ), cf. [27] , with k ± to be determined from the condition that positive and negative parity states are distinguished by propagating forwards and backwards in time. For definiteness let us consider the forward movers. We get
One sees that if p 3 = 0 (but p 1 and p 2 arbitrary) choosing k + = m * /E * annihilates the negative parity contribution and thus extracts the positive parity (nucleon) state, and, vice versa, k − = −m N /E N projects onto the negative parity state. It turns out that, under certain restrictions for the momenta p, the same choice yields the correct parity projection for all correlation functions we are interested in. In the following expressions we show the positive parity contributions only and abbreviate k ≡ k + and E ≡ E N ( p):
For example, in order to have a nonzero overlap with the ground states we must keep p 2 and p 3 nonvanishing but set p 1 = 0 for the case of C lmn 2
. With this choice the contribution from negative parity states with mass-to-energy ratio m * /E * is completely eliminated. Contributions from excited negative parity states, which have a different ratio m/E, are not completely eliminated but strongly suppressed. Together with the suppression due to smearing and the suppression due to the exponential decay with a higher mass, the positive parity states will dominate the signal, as desired.
For the twist-four correlation functions, we find:
In order to determine the coupling constants, we have to eliminate the √ Z N from the above equations. We do this by considering yet another correlation function, that of the smeared nucleon interpolator with itself:
Taking the following ratio will then yield the desired result:
and similarly for λ 1 and λ 2 . Finally, the moments φ lmn are best determined by taking the following ratios:
C 000
C. Renormalization
The set of operators belonging to a given representation is closed under renormalization. For f N , we have
where the renormalization constant Z f N should not be confused with the √ Z-factor from the previous Subsection, r denotes the renormalized value and "lat" the lattice value. For λ 1,2 ,
where a sum over repeated indices is implied, and for the moments of the distribution amplitude, φ
The renormalization factor Z f N and the renormalization matrices Z λ ij , Z
(1) ij and Z (2) ij have been calculated in [26, 28] . There, the matching of the lattice data to a kind of RI-MOM scheme has been performed non-perturbatively, and the matching of the RI-MOM scheme to the MS scheme has been calculated in one-loop perturbation theory with the help of "naive" dimensional regularization that has certain shortcomings, cf. [29] . We use these results for our present study.
In [26, 28] , the renormalization matrices are only given for lattices of size up to 24 3 × 48. But since there seems to be no significant volume dependence (the values for the 16 3 ×32 and 24 3 × 48 lattices agree within error bars), we felt comfortable to use their renormalization matrices for the 24 3 × 48 lattice also for our larger lattices.
IV. DATA ANALYSIS A. Ensembles used
The calculations in this paper have been done using the Wilson gauge action and n f = 2 non-perturbatively improved Wilson (Clover) fermions. A list of the ensembles used is given in Table II . We would like to highlight that we have now analyzed ensembles with pion masses of 151 MeV, very close to the physical value. Hence the older ensembles used in [16] [17] [18] , with large pion masses m π 450 MeV can be neglected altogether. Another important improvement is that we have generated data for different lattice volumes (three volumes for β = 5.29, κ = 0.13632) and lattice spacings (three spacings for m π ≈ 280 MeV) which allows us to quantify finite volume and discretization effects. To set the scale, we use the Sommer parameter r 0 = 0.50 fm [30, 31] .
B. Isolating physical states
A major task in any lattice data analysis is the isolation and identification of physical states. To suppress excited states, we have smeared the source using Wuppertal smearing [32] with APE smoothed [33] links. We have adjusted the number of smearing steps to optimize the plateau for the proton.
In our previous work ( [17, 18] and the data points with m π > 400 MeV in [34, 35] ), we used a different smearing (Jacobi smearing [36, 37] ) with a less-optimized number of a The number of measurements per configuration is shown in parentheses. † These ensembles were generated on the QPACE systems, financed primarily by the SFB/TR 55, while the others were generated earlier within the QCDSF collaboration. * For these ensembles, we have computed only the N 1 interpolator and thus we do not use them for the analysis of the negative parity states.
smearing steps. The "jump" seen in the coupling constants at m π ≈ 400 MeV in [35] disappeared when we re-computed them with the improved smearing. It was, therefore, an artifact of our analysis rather than a physics effect.
The difference to these older results is of the order of 10% for the proton and up to 50% for the negative parity states in the case of the couplings; the shape parameters are less affected. The lesson is that source optimization proves to be very important for calculations of this kind, i.e., for matrix elements of local operators.
To separate the positive and negative parity states, we use the parity projectors γ ± , as described above.
For positive parity, the state that we are interested in is the nucleon. It has a large overlap with the (smeared) interpolator of the form N = N 1 ≡ (uCγ 5 d)u, the "standard" nucleon interpolator. Since the mass of the nucleon is significantly lower than that of excited states, it is relatively easy to isolate.
To identify a suitable time range for the fit, its start and end can be considered separately. The end can be determined by demanding that the influence of the backward-in-time running parity partner is negligible, i.e., much less than the statistical error for the state under consideration. The starting time should be large enough that higher mass excitations are sufficiently suppressed but as small as possible to optimize the signal-to-noise ratio for the observables. In order to find optimal starting times we have generated plots for all observables like the mass plot shown in Fig. 1 and made fits with fixed end point and varying starting point. We further plot the fit results with error bars and demand that, for a good starting point, one does not observe any obvious systematic trend compared to the points with larger starting times. Using this starting point, the χ 2 /d.o.f. of the fit turned out to be on the order of one or 3 × 64 lattice. The end point of the fit range has been fixed to tend = 29 and the starting point tstart has been varied. Based on this plot, we have chosen tstart = 9, since variations for data points with larger starting times appear to be of statistical nature. Note the highly stretched scale, indicating the high statistical accuracy of our data.
smaller, indicating a good fit.
Identification of negative parity baryons on the lattice is considerably more difficult than that of the nucleon: In addition to the two lowest-lying J P = 1/2 − states N * (1535) and N * (1650), which only have a small mass difference, there are also contributions of pion-nucleon scattering states.
The study [38] suggested that the two negative parity states can be separated using the variational method with the threequark interpolating operators N 1 and N 2 ≡ (uCd)(γ 5 d). In a more recent investigation using the same interpolating operators [39] it was found that the mass of the lower state comes out to be very close to the sum of the nucleon and pion masses for the same lattice, suggesting it is an (S-wave) N π scattering state. The higher mass state in this study has -due to the large error bars -a mass consistent with both N * (1535) and N * (1650) so that they could not be distinguished. Yet another study [40] uses the same interpolating operators N 1 and N 2 and includes in addition a third, five-quark interpolator to represent the nucleon-pion continuum. In a twostate analysis, using only the three-quark operators, their results agree with the results from [39] , yielding one state close to the nucleon-pion threshold and one heavier state. The full three-state analysis produces one state slightly below the nucleon pion threshold (indicating attractive interaction) and two heavier states that may be identified with the N * (1535) and N * (1650). Comparing the eigenvectors of the variational basis for the two-and three-state analyses, the authors suggest that the lower mass state of the two-state analysis splits into the N π state and the N * (1650), while the higher mass state of the two-state analysis becomes the N * (1535), see Fig. 2 . This is also phenomenologically plausible, since the N * (1535) is not expected to mix strongly with the N π continuum as the observed N * (1535) → N π decay width is rather small [41] . Due to the high cost of five-quark interpolators we have used only the three-quark interpolators, N 1 and N 2 , for our analysis. Following the identification suggested in Ref. [40] , cf. Fig. 2 The masses that we find for the nucleon and the negative parity states are shown in Fig. 3 . The nucleon mass has been studied in more detail in [30] and is -when extrapolated to the physical point -consistent with experiment.
The mass of the higher negative parity state (labeled N * (1535?), as explained above) changes rather smoothly with the pion mass and is compatible with both known resonances N * (1535) and N * (1650) within the error bars. For the mass of the lower state N * (1650?), [39] and [40] obtain a value close to the sum of the nucleon and pion masses. Our ensembles with m π 420 MeV confirm this behavior, but at smaller pion masses, the fitted mass appears to be significantly higher than the N π threshold. Whether this is due to a smaller admixture of N π scattering states at lower pion masses or due to larger relative momentum of the nucleon and pion within the scattering state is unclear. To solve this puzzle and to separate the N * (1650?) from N π scattering states, studies with a larger variational basis, preferably with five-quark interpolators, are required, but they are too expensive at present. Meanwhile, the identification of the negative parity states should be regarded with caution.
C. Autocorrelations
Since lattice QCD data are based on configurations which have been generated by a Markov process, they are subject to autocorrelations between consecutive trajectories. A powerful method to reduce these autocorrelations is to move the source when going from one configuration to the next: Using a different part of the lattice volume reduces the correlations.
To determine the remaining autocorrelations and the resulting increase in the errors, we have applied the binning method. For most of our observables, the binned error was only slightly, if at all, greater than the error from the "naive" error analysis. Therefore, autocorrelations were only minimal. Merely a few observables on some ensembles showed greater autocorrelation effects and in the worst case, every other configuration was still statistically independent.
D. Chiral and infinite volume extrapolations
The chiral extrapolations to the physical point and to infinite volume for the couplings f N and λ 1,2 are shown in Figs. 4 and 5 and for the shape parameters ϕ nk in Appendix B. They have been handled differently for the nucleon and the negative parity states.
For the nucleon, extrapolation formulae for both the leading and next-to-leading twist normalization constants based on chiral perturbation theory (χPT) are available from Ref. [42] . For the next-to-leading twist parameters we used the combinations m N λ 1 and m N λ 2 in the fits, which are more natural from a χPT point of view as compared to the couplings themselves.
Our extrapolation formulae for the moments of the leading We have fit our data with these extrapolation formulae and quote our final results for m π → m phys π and V → ∞. We have also checked the β = 5.29, κ = 0.13632 ensembles (where we have three different volumes) for residual finite volume effects, but have concluded that the remaining small discrepancies between the three data points must be of statistical nature.
For the negative parity states, extrapolation formulae based on chiral perturbation theory do not exist yet. Therefore, we have used naive (linear) extrapolations to the physical point. Given that our smallest pion mass is already very close to the physical value, the deviation of the linear extrapolation from more sophisticated approaches should be marginal. Since we have analyzed the negative parity states for at most two volumes per β and κ, a consistent study of finite volume effects for N * (1535?) and N * (1650?) is not possible. However, the relatively small finite volume effects that were observed for the nucleon suggest that the finite volume effects for the negative parity states should be reasonably small as well, i.e., at most of the order of the statistical error.
E. Continuum extrapolation
We have analyzed ensembles with three lattice spacings, a = 0.0813 fm (corresponding to β = 5.20), a = 0.0714 fm (β = 5.29) and a = 0.0604 fm (β = 5.40).
For f N , λ 1 and λ 2 of the nucleon, the statistical accuracy is so high that discretization effects can be observed, see Fig. 6 . Since the exact form of the finite a corrections is unknown, we have treated the continuum extrapolation as follows: For f N , we have tried two extrapolations, one with a linear dependence and one with a quadratic dependence on a, fitting the constants c N simultaneously with the low-energy constants in
where f N (m π ) is the χPT formula for f N and the volume dependence is suppressed for brevity. Both fits were almost equally good, which can be attributed to the small leverage of our three lattice spacings. Therefore, it is not possible to decide which fit is more accurate. As the central value of our final result, we quote the average of f For λ 1 and λ 2 , we know that there are no O(a) effects, since there are no dimension 11/2 operators in the τ 4 1 representation which could give rise to corrections linear in a, cf. Table I . Therefore, we have tried extrapolations with a quadratic and a cubic dependence on a,
1,2 a 3 ).
Again, both fits were almost equally good and we quote the average and one half of the difference of the two fits as our central value and uncertainty of the continuum extrapolation, respectively. Of course, also a combination of linear and quadratic corrections for f N (quadratic and cubic for λ 1,2 ) is possible and, with only three lattice spacings available, will yield results with enormous uncertainties for a → 0. Therefore, additional finer lattices will be required for a more reliable analysis of the discretization effects.
In turn, the statistical errors for the shape parameters ϕ nk are so large that no clear discretization effects could be observed. This does not imply, however, that there are no signif- icant effects for these quantities and an uncertainty due to the continuum extrapolation of at least the order of the statistical error should be assumed. An indirect argument for the consistency of the continuum extrapolation for the relevant matrix elements of the operators including derivatives acting on the quark field can be obtained by the verification of the energy conservation relations (34) for the sums of first and second moments:
It follows from Eq. (34) that these sums should be equal to one in the continuum limit,
and the deviations (due to discretization errors in the Leibniz rule for derivatives) are a good measure for the discretization artifacts.
Since the shape parameters ϕ nk are extracted from differences of matrix elements corresponding to the moments φ lmn , they have much larger statistical errors than the moments themselves and especially the sums of the moments in Eqs. (54), which can be determined with high precision. These sums are plotted for the three available lattice spacings using the largest volume data for m π 280 MeV in Fig. 7 . It is seen that the deviations are not large and the continuum extrapolated values fulfill the energy conservation constraints within the statistical accuracy, at the percent level for the first and 2-3% for the second moments. These results are very encouraging and suggest that the continuum extrapolation is under control.
V. FINAL RESULTS
The final results for the normalization constants and shape parameters of the nucleon and the two lowest negative parity states, N * (1535?) and N * (1650?), are shown in Table III . The question marks are a reminder that the identification of the results with physical negative parity resonances needs further study and in particular we expect that the numbers for N * (1650?) include significant contributions from the pionnucleon continuum. For each state, the normalization constants and the moments φ lmn were fit simultaneously. The shape parameters were then determined from the φ lmn using Eqs. (33) .
The following extrapolations have been performed: chiral extrapolation to the physical pion mass (for all quantities), infinite volume extrapolation (only for the nucleon) and the continuum extrapolation (only for the nucleon normalization constants). It is seen that the continuum extrapolation is the single largest source of uncertainties for the nucleon normalization constants. For the negative parity states, on the other hand, the results for the different lattice spacings agree within the errors. The uncertainty in their normalization constants related to the continuum extrapolation can be expected on general grounds to be of the same order of magnitude as for the nucleon. For the shape parameters, we expect the error due to the continuum extrapolation to be of the same order or smaller than the shown statistical error.
Our result for λ N 1 appears to be in a very good agree- GeV 3 [43] , but the wave function at the origin, f N , comes out to be significantly below QCD sum rule estimates which give f N (QCD-SR) = (4.7 ± 0.7) · 10 −3
GeV
2 [43] , where in both cases we have rescaled the QCD sum rule results from µ 2 = 1 GeV 2 to µ 2 = 4 GeV 2 using two-loop anomalous dimensions, see Appendix A. This result deals a further blow to all attempts to describe hard exclusive reactions involving nucleons at realistic energies in the classical perturbative QCD framework [1] [2] [3] .
The main achievement of this study is the determination of the first order shape parameters of the DAs with significant precision. These parameters are responsible for the global structure of the DAs in the momentum fraction space and, in particular, determine the average momentum fractions carried by the valence quarks:
The corresponding numbers are given in Eq. (3). The approximate equality ϕ 10 ϕ 11 for the nucleon and as a consequence x 2 x 3 attracts attention. This equality cannot be exact at all scales since ϕ 10 and ϕ 11 have different anomalous dimensions. However, it is very interesting and suggests that the nucleon wave function (at low virtualities) is symmetric under the interchange of the two quarks coupled in the scalar "diquark". The diquark symmetry for the second order shape parameters would imply the constraint
This relation cannot be checked with our data due to insufficient precision and should be addressed in future lattice calculations. A comparison of our results for the nucleon shape parameters to the existing estimates is shown in Table IV and Fig. 8 . These are due to QCD sum rule calculations of Chernyak and Zhitnitsky (CZ) [4] , King and Sachrajda (KS) [5] , Chernyak, Ogloblin and Zhitnitsky (COZ) [6] , and Stefanis and Bergmann (SB) [8] , light-cone sum rule calculations of nucleon electromagnetic form factors by Braun, Lenz and Wittmann (BLW) [13] , and Anikin, Braun and Offen (ABO1 and ABO2) [14] , and the QCD-inspired model by Bolz and Kroll (BK) [11] . For this table (and plot) we used the renormalization scale µ 2 = 2 GeV
2
. Our results clearly rule out the old QCD sum rule calculations of the first-order shape parameters (alias the momentum fractions), but agree within errors with the parameters extracted from the light-cone sum rules and the BK model. For the second-order parameters, our results rule out a large value of ϕ 20 found in [4] [5] [6] 8] but are otherwise consistent with zero (and with different models).
For the negative parity states, we observe that the leading twist DA of N * (1650?) is similar to that of the nucleon, whereas N * (1535?) is qualitatively different: with a very small value at the origin f N * f N and large first-order shape parameters ϕ N * 10 , ϕ N * 11 that have opposite sign to each other. This striking difference is illustrated by the barycentric plots of the DAs in Fig. 9 . It can be seen that the DA of N * (1650?) (in reality, probably a mixture of N * (1650) and the pion-nucleon background) is similar to the nucleon, but with larger deviations from the asymptotic form. The DA of N * (1535?) appears to be completely different: It is approximately antisymmetric under the exchange of the quarks in the diquark. This feature can be related to the observed small decay width of the N * (1535) to a pion-nucleon final state. It is also interesting that the next-to-leading twist couplings λ 1,2 for the nucleon and both negative parity states are comparable, which is an indication that the quark angular momentum plays a similar role. The consequences of this structure for the electroproduction cross section of the negative parity resonances at large momentum transfer [18, 19] will be studied elsewhere.
VI. CONCLUSIONS AND OUTLOOK
We have presented the results of a lattice study of light-cone distribution amplitudes of the nucleon and negative parity nucleon resonances using two flavors of dynamical (clover) fermions on lattices of different volumes and pion masses down to m π 150 MeV. Our data allow us to perform, for the first time, a reliable chiral and finite volume extrapolation of the results to the physical limit, and also a continuum extrapolation for some observables. These are, to our knowledge, the first baryon structure calculations from first principles that go beyond the studies of the mass spectrum for the nucleon resonances. Our results are shown in Table III and Fig. 9 , and summarized in the Introduction so that we do not need to repeat this discussion here.
The present study can be continued and improved in several directions. Moving to lattices with N f = 2 + 1 dynamical quarks is an obvious step. In this way one can investigate DAs for the full baryon octet, Λ, Σ and Ξ. The decay pattern of the N * (1535) (its decay fraction to N η is (42 ± 10)% [41] ) implies that the addition of the strange quark is important for studies of negative parity states. Further work is needed to improve the identification of the two lowest-lying negative parity resonances, N * (1535) and N * (1650). The continuum extrapolation remains the largest source of errors and will be of concern as well. There are also several other technical issues to be addressed, e.g., the matching of the RI-MOM scheme to the MS scheme has to be calculated to two-loop accuracy.
1 on the χPT-scale µ cancels the µ-dependence of the logarithm ln(m 2 π /µ 2 ). Finite volume corrections, which do not introduce additional low-energy constants, have also been computed. Explicit expressions can be found in Ref. [42] .
To obtain the quark mass dependence of the higher moments of the leading twist DA we follow the same procedure. Let us briefly describe the main steps. To begin with, we define three-quark operators with mixed antisymmetric (MA) and mixed symmetric (MS) flavor structure (MA ∝ uud − udu, MS ∝ −2uud + udu + duu)
where q p ≡ (1, 0)
T projects onto the quark content of the proton and we use the notation
with the quark doublet field q ≡ (u, d)
T . In the case l = m = n = 0, the MS operator reduces to the isospin-improved Chernyak-Zhitnitsky current given in [42] . Since the transformation properties under chiral rotations are not affected by additional derivatives, γ L U R,a lmn and γ R U L,a lmn transform as (2 L , 3 R ) and (3 L , 2 R ), while γ L U R lmn and γ R U L lmn transform as (2 L , 1 R ) and (1 L , 2 R ), respectively. Utilizing the standard DA decomposition [22] , one finds that these operators project onto the moments defined in Eq. (23): are zero after contraction with the light-cone vector n). Calculating the relevant Feynman diagrams and expanding the result to the valid order in m π , one finds:
